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In this article, the approximate solutions of the non-linear Drinfeld-Sokolov-Wilson 
equation with fractional time derivative have been obtained.  The fractional derivative is 
described in the Caputo sense. He’s polynomial is used to tackle the nonlinearity which 
arise in our considered problems. A time fractional nonlinear partial differential 
equation has been computed numerically. The numerical procedures illustrate the 
effectiveness and reliability of the method. Effects of fractional order time derivatives 
on the solutions for different particular cases are presented through graphs. 
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The Drinfeld-Sokolov-Wilson (DSW) equation 
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where cba ,,  and d  are parameters, is one of the universal models proposed by Drinfeld 
and Sokolov (1981) and Drinfeld and Sokolov (1985). The DSW equation is a coupled 
nonlinear partial differential equations. Nonlinear partial differential equations (NPDEs) 
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are widely used to describe complex phenomena in various sciences, especially in the 
physical sciences. Finding explicit and exact solutions, in particular, solitary wave 
solutions of nonlinear evolution equations in mathematical physics play an important 
role in nonlinear science. It is well known that there are infinite solutions for every 
NPDE, making the task of finding an exact solution, a difficult one.  
 
Many phenomena in engineering and applied sciences can be described successfully by 
developing the models using fractional calculus, i.e., the theory of derivatives and 
integrals of non-integer order [Podlubny (1999), Gorenflo and Mainardi (1997), Luchko 
and Groreflo (1998), Bouagada and Dooren (2012)]. Thus, appearances of fractional 
order derivatives make the study more interesting and challenging. Fractional 
differential equations have garnered much attention since fractional order system 
response ultimately converges to the integer order system response. For high accuracy, 
fractional derivatives are used to describe the dynamics of some structures. An integer 
order differential operator is a local operator. Whereas the fractional order differential 
operator is non local in the sense that it takes into account the fact that the future state 
not only depends upon the present state but also upon the history of all of its previous 
states. For this realistic property, the fractional order systems are becoming popular. 
Another reason behind using fractional order derivatives is that these are naturally 
related to the systems with memory which prevails for most of the physical and 
scientific system models.  
 
The importance of obtaining the exact or approximate solutions of nonlinear partial 
differential equations in physics and mathematics is still significant in the sense that it 
needs new methods to discover exact or approximate solutions. Most of the nonlinear 
equations do not have a precise analytic solution, so numerical methods have largely 
been used to handle these equations. Moreover, if the nonlinear systems are of 
fractional order then it becomes more complicated to solve. Due to its important 
applications in engineering and physics, the authors are motivated to solve the 
following DSW equation with fractional order time derivatives in the presence of 
dispersive term as 
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                                      (2) 
 
Previously, modelling was mainly restricted to linear systems for which analytical 
treatment is tractable. But due to the advent of powerful computers and with improved 
computational techniques, nowadays it is possible to tackle even nonlinear problems to 
some extent. Nonlinearity is a phenomenon which is exhibited by most of the systems 
in nature and has gained increasing popularity during last few decades. Most of the 
nonlinear problems do not have a precise analytical solution; especially it is hard to 
obtain it for the fractional order nonlinear equations. So these types of equations are to 
be solved by any approximate methods or Numerical methods. Recently, many new 
approaches for the solution of nonlinear differential equations have been proposed, for 
example, the Tanh-function method by Fan (2000), Jacobian elliptic function method by 
Dai and Zhang (2006), the Variational iteration method by He (1999), Adomian 
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decomposition method by Adomian (1994), Homotopy analysis method by Liao (1992), 
the Homotopy perturbation method by He (1999, 2000), etc. Integral Transform method 
is a very old and powerful technique for solving linear differential equation, but if 
nonlinearity occurs in the problem then one cannot apply it directly. So, there is a need 
of amalgamation of this method with other existing methods. Khan and Wu (2011) 
proposed a new method called homotopy perturbation transformation method (HPTM), 
which is a combination of the homotopy perturbation method, the Laplace Transform 
and He’s polynomials [Ghorbani (2009)]. The advantage of this method is its capability 
of combining two powerful methods for obtaining even the exact solutions for some 
nonlinear equations. Like the homotopy perturbation method this method also does not 
require small parameters in the equation. Thus it overcomes the limitations of 
traditional perturbation techniques.  
The DSW equation has been solved by Zha and Zhi (2008) using the Improved F-
Expansion method and by Inc (2006) using the Adomian Decomposition method. 
Zhang (2011) has applied the variational approach to find the solitary solution for the 
DSW equation. But to the best of authors’ knowledge the time fractional order DSW 
equation has not yet been studied by any researcher. In this article, the homotopy 
perturbation method in the framework of the Laplace transform, i.e., the HPTM is 
successfully applied to obtain the solution of the fractional order DSW equation.   
 
2. Basic idea of the homotopy perturbation transform method (HPTM) 
 
To illustrate the basic ideas of this method, we consider the following non-linear 
fractional differential equation 
 
                       
,0),(),(),(  txuNtxuRtxuDt

 10  ,                                      (3) 
 
with the initial condition 
 
                                        
)()0,( xfxu  ,                                                                       (4)  
 
where R is the linear differential operator, N is the nonlinear differential operator and    
),( txuDt
  is the Caputo fractional derivative of function ),( txu which is defined as  
 





















       ( 1 , ),n n n N                         (5)  
 
where (.)  denotes the standard Gamma function. 
 
One of the properties of Laplace transform for Caputo fractional derivative is 
  













                                             (6) 
 
Taking the Laplace transform on both sides of equation (3), we get 
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L[ ] L[ ( , )] L[ ( , )] 0.tD u Ru x t N u x t
                                                    (7) 
In the view of equation (6), we have 
 
                  
1 1 1
L[ ( , )] ( ,0) L[ ( , )] L[ ( , )].u x t u x Ru x t N u x t
s s s 
                                 (8) 
 
Operating the inverse Laplace transform on both sides of equation (8), we get  
 















                             (9) 
 
Now we apply the homotopy perturbation method to the equation (9) using the 
expansion of ),( txu in power series in p as 
 









                                                    (10) 
 
and with the decomposition of the nonlinear term as      
        








                                                 (11) 
 
where ]1,0[p is an embedding parameter and )(uH n is the  He’s polynomials 
[Ghorbani ( 2009)] defined as 
 


















uuuuH    ,...2,1,0n  .                  (12) 
 
Substituting equations (10) and (11) into equation (9), we have 
 




( , ) ( ,0)
1 1







p u x t u x













      (13) 
 
Equating the terms with identical powers in
 
,p we obtain the following approximations 
as 
 
          
0p :      
0( , ) ( ,0),u x t u x                                                                        (14)                                                                                           
          
1p :      11 0 0
1 1
( , ) L L[ ( , )] L[ ( )] ,u x t Ru x t H u
s s 
     
 
                         (15) 
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2p :      12 1 1
1 1
( , ) L L[ ( , )] L[ ( )] ,u x t Ru x t H u
s s 
     
 
                                      (16) 
 
3p :      13 2 2
1 1
( , ) L L[ ( , )] L[ ( )] .u x t Ru x t H u
s s 
     
 
                                       (17) 
Proceeding in this manner, we get 4),,( ntxun and finally we approximate the 
analytical solution by the truncated series as 




,                                               (18) 










nN txutx  
 
 
3. Solution of the problem by HPTM 
 
Consider the DSW equation with fractional order time derivative as 
 
















                                        (19) 
 
with initial conditions 
 




( ,0) 2sec .
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                                                (20) 
 
Taking the Laplace transform of equation (19), we have 
 




xxx[ ] 2 [ ] 2 [ ] [ ] 0.t x xL D v L v L uv L u v
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Using equation (6) and then applying the inverse Laplace transform, we obtain  
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The nonlinear terms can be decomposed as equation (11). 
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where ),(vH n )(vGn and ),(
' vuHn  are He’s polynomials [Khan and Wu (2011)] that 
represent nonlinear terms xvv , xvu and vu x  respectively, which are given as 
 
    
,)( 000 xvvvH   
    
,)( 10011 xx vvvvvH   
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    201102
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Comparing the coefficients of like powers of ,p  we obtain 
 
    20 ( , ) 3sec ,u x t h x  
    0 ( , ) 2sec ,v x t h x  
   
2
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(1 )
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Proceeding in a similar manner, the rest of the components of ( , )nu x t  
and 
( , ) , 3nv x t n  can be obtained and the series solutions can thus be entirely determined. 
Finally, we approximate the analytical solutions of ),( txu  and ),(v tx by the truncated 
series as given in equation (18). 
 
4. Numerical results and discussion 
 
In this section, the numerical results of the field variables ),( txu and ),( txv  are 
calculated for various fractional Brownian motions 5.0   and also for the standard 
motion 1   for various particular cases. The results are depicted through Figures 
(1-14). The variations of  ,u x t  and  ,v x t with x and t for the standard DSW equation 
are shown in Figures 1 and 2 respectively, whereas those for 1/ 2    are shown in 
Figures 3 & 4. The 2D figures of field variables depicted through Figures 5 & 6 and 
Figures 10 & 11 reveal the fact that the field variables decrease as the system 
approaches from fractional order to the standard order as time increases for the 
case 1x  . But the variations with x  are different at 1t   (Figures7 & 8 and Figures 12 
& 13). The salient features of this section are the graphical presentations for the 
comparisons of approximate and exact solutions of  ,u x t and  ,v x t  through Figures 9 
and 14 for various particular cases, which clearly reveal the fact that our considered 




In this article the successful application of the Homotopy perturbation transformation 
method (HPTM) is used to demonstrate how to find the approximate solutions of the 
nonlinear Drinfeld-Sokolov-Wilson (DSW) equation with fractional order time 
derivative. A clear conclusion from the numerical results is that the method provides 
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Figure 4.  Plot of ),( txv  w.r.t. x and t  for 5.0  and 5.0  
 
 










Figure 5.  Plot of ),( txu  vs t  for different values of  at 1  
 









Figure 6.  Plot of ),( txu  vs t  for different values of  at 1  
 





--------- 25.0  
 5.0  
--- 75.0  
 1  
--------- 25.0  
 5.0  
--- 75.0  
 1  
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Figure 7.  Plot of ),( txu  vs x  for different values of  at 1  
 










Figure 8.  Plot of ),( txu  vs t  for different values of  at 1  
 










Figure 9.  Comparison between approx. and exact values of ),( txu  for 1   
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 5.0  
--- 75.0  
 1  
--------- solapprox  
 solexact  
--------- 25.0  
 5.0  
--- 75.0  
 1  
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Figure 10.  Plot of ),( txv  vs t  for different values of  at 1  
 








Figure 11.  Plot of ),( txv  vs t  for different values of  at 1  
 








Figure 12.  Plot of ),( txv  vs x  for different values of  at 1  
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--- 75.0  
 1  
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Figure 14.  Comparison between approx. and exact values of ),( txv  for 1   
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 5.0  
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 1  
--------- solapprox  
 solexact  
 ,v x t  
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